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THE ASYMPTOTIC FORMULA FOR WARING’S PROBLEM 

IN FUNCTION FIELDS 

SHUNTARO YAMAGISHI 


Abstract. Let Fq[t] be the ring of polynomials over Fg, the finite field of q elements, and 
let p be the characteristic of F,. We denote Gqik) to be the least integer <o with the property 
that for all s > tp, one has the expected asymptotic formula in Waring’s problem over Fq[t] 
concerning sums of s fc-th powers of polynomials in F,j[t]. For each k not divisible by p, 
we derive a minor arc bound from Vinogradov-type estimates, and obtain bounds on Gq(k) 
that are quadratic in fc, in fact linear in k in some special cases, in contrast to the bounds 
that are exponential in k available only when k < p. We also obtain estimates related to 
the slim exceptional sets associated to the asymptotic formula. 


1. Introduction 


In the early twentieth century, Hardy and Littlewood developed the technique now known 
as the Hardy-Littlewood circle method in a series of papers on Waring’s problem. Waring’s 
problem is regarding the representation of a natural number as a sum of integer powers. 
More precisely, given n, s, k E N, k > 2, we let 

Rs,k{'>T') = #{(U, ...,Xs) EN" : x'l + ... + = n, Xt < (1 < i < s)}. 


and we consider the smallest number s such that Rs,k{xL) > 0. There are various questions 
studied related to Waring’s problem, one of which is to hnd the minimum number of variables 
required to establish the expected asymptotic formula. This is an important aspect of War¬ 
ing’s problem as a “brief review of the progress achieved in nearly a century of development 
of the Hardy-Littlewood (circle) method reveals that a substantial part has originated in 
work devoted to the challenge of establishing the asymptotic formula in Waring’s problem” 
[To] . As stated in [10], by a heuristic application of the circle method, one expects that when 
/c > 3 and s > k + 1, 

(1-1) Rs,k{n) = — Gs,k{n)nk ^ + o{nh i), 

i U/ K) 


where 


CO OO 


&s,kH = 

a=l a=l 
{a,q)=l 


r=l 


^2'Ki{ar^ / q) 


s 

^-2'Ki{nalq) 


We note that subject to modest congruence conditions on n, one has 1 <C &s,k{n) <C 
[SI Chapter 4]. Let G{k) be the least integer to with the property that, for all s > to, 
and all sufficiently large natural numbers n, one has the asymptotic formula fll.ip . As a 
consequence of his recent work concerning Vinogradov’s mean value theorem, Wooley has 
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significantly improved estimates on G{k) [9], UHl [H] . In particular, it was proved in [TT] that 
G{k) <2k‘^-2k-8 {k> 6). 

In this paper, we consider an analogous problem in the setting of Fg[t], where is a 
hnite held of q elements. In other words, we consider the asymptotic Waring’s problem over 
Fg[f]. We later dehne Gg{k), an analgoue of G{k) over Fg[f], and establish bounds on it. 
As the function held analogue of Wooley’s work on Vinogradov’s mean value theorem [9] 
has been established in [6] and its multidimensional version in [2], it is natural to consider 
its consequences in improving the number of variables required to establish the asymptotic 
formula in Waring’s problem over Fg[t]. Here we accomplish this task by taking the approach 
of do]. 

Before we can state our main results, we need to introduce notation, some of which we 
paraphrase from the material in introduction of |5]. We denote the characteristic of F^, a 
positive prime number, by ch(Fg) = p. Unless we specify otherwise, we always assume p to 
be the characteristic of Fg even if it is not explicitly stated so. Let k be an integer with k >2, 
let s G N, and consider a polynomial n G Fg[f]. We are interested in the representation of n 
of the form 


( 1 . 2 ) n = x\ + x^^ + 

where Xj G Fg[f] (1 < i < s). It is possible that a representation of the shape fll.2p is 
obstructed for every natural number s. For example, if the characteristic p of Fg divides fc, 

then x\ + X 2 + ■■■ + + x\^^ + ... + , and thus n necessarily fails to admit 

a representation of the shape fll.2p whenever n ^ Fg[f^], no matter how large s may be. In 
order to accommodate this and other intrinsic obstructions, we dehne Jg[f] to be the additive 
closure of the set of fc-th powers of polynomials in Fg[f], and we restrict attention to those n 
lying in the subring Jg[t] of Fg[t]. It is also convenient to dehne Jg to be the additive closure 
of the set of /c-th powers of elements of Fg. 

Given n G Jg[t], we say that n is an exceptional element of Jg[f] when its leading coefficient 
lies in Fg\Jg, and in addition k divides degn. As explained in [S], the strongest constraint 
on the degrees of the variables that might still permit the existence of a representation of the 
shape fll.2p is plainly degXj < \{degn)/k^ (1 < * < s)- When p < k, however, it is possible 
that Jg is not equal to Fg, and then the leading coefficient of n need not be an element of 
Jg. If k divides degn, so that n is an exceptional polynomial, such circumstances obstruct 
the existence of a representation fll.2p of n with variables Xi satisfying the above constraint 
on their degrees. For these reasons, following |S], we dehne P = Pk{n) by setting 


P 



if n is not exceptional, 
if n is exceptional. 


In particular, when n is not exceptional, then P is the unique integer satisfying k{P — 1) < 
degn < kP. We say that n admits a strict representation as a sum of s /c-th powers when 
for some Xi G Fg[f] with degx* < Pfc(n) (1 < f < s), the equation fll.2p is satished. 

For notational convenience, let X = Xkin) := Pkiji) + 1, and we dehne Ix '■= {x G Fg[f] : 
degx < X}. For n a polynomial in Fg[f], we denote Rs,k{n) to be the number of strict 
representations of n, in other words 

Rs,M = ..., xj G {IxY : x’l + ... + Xg = n}. 
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Though it is not explicit in the notation, Rg^kin) does depend on q. Suppose the leading 
coefficient of the polynomial n is c(n). We dehne b = b{n) to be c{n) when k divides degn 
and n is not exceptional, and otherwise we set b{n) to be 0. In addition, we write Jooin) = 
Joo{n; q) for the number of solutions of the equation y\ + ...+y^ = b with (j/i,..., yg) G Fg\{0}. 
Analogously to the case of integers, one expects the following asymptotic formula 

(1.3) Rs,k{^) = + o , 

where 

Y. e{-na/g), 

g&¥q[t] dega<degg \degr<degg / 

g is monic {a,g)=l 

to hold whenever s is sufficiently large with respect to k. We postpone the dehnition of the 
exponential function e(-) to Section [2l By making the circle method applicable over Fq[f], 
the following theorem was proved in [71 Theorem 30]. We note that the theorem stated below 
is slightly different from the statement of [7[ Theorem 30]. The reason for this difference is 
explained in the paragraph before Theorem 12.11 on page [71 

Theorem 1.1 (Theorem 30, [7]). Suppose 3 < k < p and s > 2^ + 1. Let n G Fg[f]. Then 
there exists e > 0 such that the following asymptotic formula holds, 

(1.4) Rg,k{n) = 6.,fc(n) + O , 

where 

(1.5) 1 < Gs,k{n)J,y,{n) -C 1. 


Note that the implicit constants in the theorem may depend on k, s, and g, where the 
constant in fll.41) may also depend on e, but they are independent of n and P. 

We denote Gq{k) to be the least integer R with the property that, for all s > R, and all 
n G Jg[f] with degn sufficiently large, one has the above asymptotic formula (11.31) . Thus, 
in this language we have the following corollary as an immediate consequence of Theorem 
[m except for the case k = 2. (The estimate on Gq{2) is treated in the paragraph after the 
proof of Theorem 12.11 on page [71) 


Corollary 1.2. Suppose 2 < k < p. Then we have 


Gq{k) < 



if k >3, 
if k = 2. 


It is worth mentioning that one of the main advantages of using Vinogradov-type estimates 
established in [2] or [6] is that we can avoid the use of Weyl differencing as the primary tool 
during the computation of minor arc bounds, which is the source of the restriction k < p 
in Theorem 11.11 and Corollary 11.21 Thus, via Vinogradov-type estimates we can obtain an 
estimate for Gq{k) for a larger range of k, which is for all k not divisible by p. 

We are now ready to state our main results. To avoid clutter in the exposition, we present 
the cases k > p and k < p separately. When k > p, a.s a. result of our approach we further 
consider three cases, p \ {k — 1), k = p^ + 1, and k = mp^ + 1, where 6, m G N and p \ m. 
Throughout the paper, whenever we write k = mp^ -|- 1 we are assuming 5, m G N and p\m, 
even when these conditions are not explicitly stated. 
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Theorem 1.3. Let k > 3 be an integer, where p \ k. Suppose k > p, then we have 


5 + 


6[A:/pJ—4 


G,{k) < 


2k — 
4:k + 5, 


2-l]k^-2{p’’-p^-^-2)k-Ck, 


where = 2 — p^ ^ — 1 — ^ j + 




) + 

2 


ifp\{k - 1), 
if k = p^ + 1, 

if k = mp^ + 1 and m > 1, 


We note that when p \ [k — 1) the above theorem is proved nsing Lemma [6] in Section [3l 
which involves an application of the pigeon hole principle. However, when k = mp^ + 1 this 
approach is no longer effective. As a resnlt, we have to use analogous results which rely on 
the large sieve inequality instead when m > 1, and another separate approach when m = 1. 
This explains why we consider the three cases separately. 

We also remark that when k > p our estimates for Gq{k) given above are sharper than 
the current available bound of G{k) < 2k‘^ — 2k — 8 {k > 6) for the integer case [H]. In 
particular, note that in the special case when fc = + 1 and k > 3, we obtain a sharp linear 

bound of Gq{k) < + 5 in contrast to the quadratic bound for G{k). 

We now state the result for the case 3 < k < p. 

Theorem 1.4. Suppose 3 < k < p. Then we have Gq{k) < 2k‘^ — 2[(logfc)/(log2)J. Fur¬ 
thermore, Gq{7) < 86 and Gq{k) < 2k‘^ — 11 when k > 8. 


We also study the slim exceptional sets associated to the asymptotic formula fll.3p . These 
sets measure the frequency with which the expected formula fll.Sp does not hold. In other 
words, we estimate the number of polynomials that in a certain sense do not satisfy the 
asymptotic formula. For 'ijj{z) a function of positive variable we denote by Eg^k{N,'ijj) the 
set of n G In n Jy[i] for which 


( 1 . 6 ) 


Rs,k{n) - &s,k{n)Joo{n)q^'' 




Note that Es^k[N,fj) is dependent on q. We dehne Gq{k) to be the least positive integer 
s for which \Es^k{N,'if)\ = o{q^) for some function 'ip{z) increasing to inhnity with We 
obtain the following estimates on G'^{k). We hrst present the case k > p. 


Theorem 1.5. Let k > 3 be an integer, where p\k. Suppose k > p, then we have 


-2 + 


3\k/p\-2 

k-2 


k[k- 
G+{k)<{ 2k+ 3, 

(l - - (/ - - 2)/^ - 4, 

where = (^p^ — p^~^ — 1 — 2 j + 




) + 

4 


%fp\{k-l), 
if k = p’^ 1, 

if k = mp^ + 1 and m > 1, 


We now state the result for the case 3 < k < p. 
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Theorem 1.6. Suppose 3 < k < p. Then we have G^^k) < k‘^ — [(log A;)/(log2)J. Further¬ 
more, we have G^(7) < 43, and G^{k) < — 5 when k >8. 

The organization of the rest of the paper is as follows. In Section [2l we introdnce some 
notation and basic notions reqnired to carry out our discussion in the setting over Fg[t]. 
In Section [3l we go through technical details to prove an upper bound for 'ip{a,9), which 
is defined in fl3.ip . This estimate is one of the main ingredients to obtain our minor arc 
estimates, for the cases p \ {k — 1) and k = mp^ + 1 with m > 1, in Section 01 We also 
obtain minor arc estimates for the case fc = + 1 in Section 01 We then prove a useful 

result related to Weyl differencing in Section [5l The content of Sections | 6 l and [71 are similar; 
we combine the material from previous sections to obtain a variant of minor arc estimates 
achieved in Section 01 from which our results follow. 

We denote x = (xi, ...,X 2 s), where Xi G Fg[t] (1 < f < 2s). We write Ni < ordx < W to 
denote that Ni < ordxi < N 2 ior 1 < i < 2s, and given uq G Fq[t], we write (x — uq) to 
denote the 2s-tuple (ti — no,..., X 2 s — no). Confusion should not arise if the reader interprets 
analogous statements in a similar manner. 

2. Preliminary 

While the Hardy-Littlewood circle method for ¥q[t] mirrors the classical version familiar 
from applications over Z, the substantial differences in detail between these rings demand 
explanation. Our goal in the present section is to introduce notation and basic notions that 
are subsequently needed to initiate discussion of key components of this version of the circle 
method. The material here is taken from various sources including 12 ], m, |3], 0 , and m- 
Associated with the polynomial ring ¥q[t] defined over the held ¥q is its held of fractions 
IK = ¥q{t). For f/g G K, we dehne an absolute value (■) : IK —)■ M by {f/g) = 

(with the convention that degO = —00 and (0) = 0). The completion of IK with respect to 
this absolute value is IKqo = Fg((l/t)), the held of formal Laurent series in 1/t. In other 
words, every element a G IKqo can be written as a = Yll^=-oo some n G Z, coefficients 

Oj = ai{a) in Fg {i < n) and a„ 7 ^ 0. For each such a G IKoo, we refer to a_i(a) as the 
residue of a, an element of ¥q that we abbreviate to res a. If n < —1, then we let res a = 0. 
We also dehne the order of a to be orda = n. Thus if / is a polynomial in Fg[t], then 
ord/ = deg/. Note that the order on IKqo satishes the following property: if a,/? G IK^o 
satishes orda > ord/5, then 

( 2 . 1 ) ord (a +/5) = orda. 

The held IKoo is a locally compact held under the topology induced by the absolute value 
(■). Let T = {a G IKoo : orda < 0}. Every element a G IKoo can be written uniquely in the 
shape a = [a] + ||a||, where the integral part of a is [a] G Fq[f] and the fractional part of 
a is ||a|| G T. Note that [•] and || • || are Fg-linear functions on IKoo [Zl pp.l2]. Since T is a 
compact additive subgroup of IKoo, h possesses a unique Haar measure da. We normalise it, 
so that da = 1. The Haar measure on T extends easily to a product measure on the 
H-fold Cartesian product T^, for any positive integer D. For convenience, we will use the 
notation 



where the positive integer D should be clear from the context. 
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We are now equipped to define an analogue of the exponential function. Recall ch(Fq) = p. 

defined for each a G F„ by taking 


There is a non-trivial additive character e„ 


Fg ^ 


eq{a) = exp(27ri tr(a)/p), where tr : F^ —>■ Fp denotes the familiar trace map. This character 
induces a map e : Koo —)• by dehning, for each element a G Kqo, the value of e(a) to 

be eq(a_i(a)). The orthogonality relation underlying the Fourier analysis of Fg[t] takes the 
following shape. 

Lemma 1. Let h be a polynomial in Fg[f]. Then we have 


( 2 . 2 ) 




Proof. This is [3 Lemma 1 (f)]. 


□ 


The following estimate on exponential sums will be useful during the analysis in subsequent 
sections. 


Lemma 2. Let R G N. Then we have 


(2.3) 


e(Px) = I 


ordai<y 


y+1 


if Old 11/911 < 

z/ord 11/311 > 


-Y 

-Y 


1 , 

1 . 


□ 


Proof. This is [3 Lemma 7]. 

For each k >2, we dehne the following exponential sum 

(2.4) g{a) = ^ e(ax^). 

xeix 

Then, it is a consequence of the orthogonality relation fl2.2|) that 

(2.5) Rs,kin) = / g{aye{—na) da. 

Jj 

We analyse the integral fl2.5p via the Hardy-Littlewood circle method, and to this end we 
dehne sets of major and minor arcs corresponding to well and poorly approximable elements 
of T. Let Rk = {k — 1)X. Given polynomials a and g with (a, g) = 1 and g monic, we dehne 
the Farey arcs dytk{g,a) about a/g (associated to k) by 

(2.6) 97ffc(5', a) = {a G T : ord (a — a/g) < —Rk — ord ( 7 }. 

The set of major arcs Tlk is dehned to be the union of the sets VLtkid, a) with 

(2.7) a,gE¥g[t], monic, 0 < orda < ord (7 < X, and {a,g) = l. 

The set of minor arcs is dehned to be rrifc = T\5[)Tfc. It follows from Dirichlet’s approximation 
theorem in the setting of ¥g[f\ [3 Lemma 3] that rrifc is the union of the sets Tlk{g, a) with 

( 2 . 8 ) a,gE¥g[t], monic, 0 < orda < ord 77 , X<oTdg<Rk, and ( 0 , 77 ) = !. 

Notice m .2 = 0 and for this reason, we assume k > 3 for results involving minor arcs. We 
will suppress the subscript k whenever there is no ambiguity with the choice of k being used. 
We can then rewrite fl2.5l) as 


(2.9) 


Rs,ki'a) = / g{a)^e{—na) da + g{a)^e{—na) da, 


'm 


and study the contribution from the major arcs and the minor arcs separately. 
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We have the following estimate on the major arcs, which is slightly different from what is 
established in [7]. The difference comes from our choice of P{n) following [5], instead of the 
approach taken in [7], and this choice allows us to have a cleaner statement of the result. 
Applying Theorem 12.11 below for the estimate of the major arcs results in the statement of 
Theorem 11.11 in contrast to that of [H Theorem 30]. 

Theorem 2.1. Suppose p \ k and s > 2k + 1. Then there exists e > 0 such that given any 
n G Sg[t], the following asymptotic formula holds 

(2.10) [ g{ay da = + O , 

Jm 

where 

1 < &s,kyi)Joo{n) -C 1. 

Note that the implicit constants in the theorem may depend on s, g, and fc, where the 
constant in fl2.10p may also depend on e, but they are independent of n and P. 

Proof. Let 0 < e < 1. Similarly as explained in the proof of [5l Lemma 5.3], by applying 
Lemma 17 of [7] with m = X and m' = Rk + ordg, where ordg < eX, we obtain 

( 2 . 11 ) f g{l3ye{-nl3) dfd = Joo{n)q^^-^'>^ + 0 ( 1 ), 

J ord /3<—Rk —ord g 

where the implicit constant may depend on s, k, q, and £. We note that when P is sufficiently 
large in terms of k and £, it is only the cases (a) and (b) of [TJ Lemma 17] that are relevant, 
and in fact we obtain (12.111) without the 0(1) term. The 0(1) term in (12.111) comes from the 
small values of P where this does not apply. It is also explained in the proof of [5], Lemma 
5.3] that for s > fc + 1, we have 1 < Jcoip) 1. By [5], Lemma 5.2], we know that if n G Jg[f] 
and s >2k + 1, then 1 &s,kip) ^ 1- 

The equation (I2.10h is a consequence of (I2.11h and [5l Lemma 5.2], and it is essentially 
contained in the proof of [TJ Theorem 30], where we replace the use of |7l Theorem 18] 
with fl2.1ip . We remark that the condition s > 3fc +1 is imposed in [71 Lemma 23], which is 
also used in the proof of [71 Theorem 30]. However, as stated in [5l pp.19] this is a result of 
an oversight and in fact we can relax the condition to s > 2fc + 1 in [7[ Lemma 23]. It can 
easily be verihed that the arguments to prove (12.1011 within [3, Theorem 30] also remains 
valid when s >2k + 1. □ 

When k = 2, we know that m 2 = 0. Hence, it follows that 

( 2 . 12 ) RsA'iT') = [ aio^y da. 

Jm 

Therefore, as an immediate consequence of Theorem 12.11 we obtain Gg{2) < 5. 

It was proved in [3 Lemma 28] that ¥g[f\ = ^g[f\ when k < p, which explains the use of 
Fq[f] in the statement of Theorem 11.11 instead of Ig[t] as above in Theorem 12.11 

Let 77 be a hnite subset of M satisfying the following condition in [21 pp.846] with <7=1: 


(2.13) Condition*: Given / G N, if there exists j G 77 such that p f ( j ) ’ ^ ^ 
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Let Js(Jl;X) denote the number of solutions of the system 

(2.14) u{ + ... + ui = vi + ... + vi {j e TV), 

with Ui, Uj G Jx (1 < * < s). Since p is the characteristic of F^, if there exists j,j' G 71 with 
j' = P^j for some n G N, then we have 

- v{) = 

i=l \i=l 

Thus, the equations in (12.141) are not always independent. The absence of independence sug¬ 
gests that Vinogradov-type estimates for integers cannot be adapted directly into a function 
held setting. To regain independence, we instead consider 

(2.15) 71' = {j eN : p] j and p^j G TZ for some n G N U {0}}. 

Then we see that JsiTZ^X) also counts the number of solutions of the system 

(2.16) u{ -1-... +ui = v{ + ... -1- vi {j G 7Z'), 

with Ui,Vi G /x (1 < ^ < s), or in other words Js{7l;X) = Js{7l';X). We note here that 
although the equations in fl2.16|) are independent, the set 7Z' is not necessarily contained in 
7Z. The following theorem was proved in [ 6 ] and in |2l Theorem 1.1] with d = 1. 

Theorem 2.2 (Theorem 1.1, |2]). Suppose 7Z satisfies Condition* given in Cd.ltA) . Let 
r = caxdTZ', f = maxjgT^,/j, and n = J2jen' 7■ Suppose f > 2 and s > rf + r. Then for 
each e > 0, there exists a positive constant C = C{s; r, 0, n; q; e) such that 

Js{7Z;X)<C{q^Y^~^^\ 

The following is a useful criterion, which we utilize. 

Lemma 3. Let p be any prime and k = ahp’'' -l-... -I- aip + ao with 0 < Oi < p {0 < i < h) and 
Oh 7 ^ 0. The binomial coefficient is coprime to p if and only if n = bhP^ + ••• + bip -|- bo, 
where 0 < < a, if) <i <h). 

Proof. It follows by Lucas’ Criterion [5l pp.33] or apply [121 Lemma A.l] with d = 1. □ 

As a consequence of Lemma [3l we have the following lemma. 

Lemma 4. Let p be any prime. Suppose k = mp^ -|- 1 with m, 6 G N and p \ m. Then, 
{k — p^) is the largest number less than {k — 1 ) such that ^ 0 {mod p). 

Proof. Let m = CaP" + Ca-iP°'~^ + ... + Cip -|- Cq with 0 < Cj < p and 0 < Cq. Thus, we 
have k = Cap‘'~^^ + -|- ... 4- -|- cop^ + 1. For 1 < j < p^, write k — j = 

CaP"^^ + Ca_ip““^+^ -I- ... -t- cip^+^ -I- dbP^ + dh-ip^~^ -I- ... -I- dip + do with 0 < d* < p. Then, by 
Lemma[3l ^ 0 (mod p) if and only if < cq, dj = 0 (1 < i < b) and do < 1. Therefore, 

it is not too difficult to verify that ^ 0 (mod p) only when j = 1 and p^ in the range 

1 < j < p^. □ 



For a prime p 
(2.17) 


ch(Fq) and k eN with p f fc, we define jo{k, q) 

jo := max < j : p\ j and f ^ ^ 0 (mod p) 

o<j<fc V? / 


jo to be 
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If p f (/c — 1), then jo = k — 1. On the other hand, if k = mp^ + 1 for some m,b E N and 
p\ m, then jo = k — p^ by Lemma 01 We record the valnes of jo here for reference, 


(2.18) 


( k-1, ifp\{k-l), 

(m — l)p^ + 1 , if k = mp^ + 1 . 


With application of Theorem 12.21 in mind, we dehne the following two sets 


(2.19) 7^ = {l,2,...,Jo,A;}U{fc-l} 

and 


(2.20) TZ' = {j eN : pj j and p'"j E TZ for some n G N U {0}} 

= {j : j G and pf j}. 

The hrst eqnality is the dehnition of TZj which comes from fl2.15p . but the second equality 
requires a slight justihcation. If p f (A; — 1), then 7Z = {1, 2,..., A;} and the second equality 
of 02.201) is immediate. If A; = mp^ + 1, then k E 7Z'. We also have A; — 1 = mp^ ^ TZ' and 
m E TZ'. However, since jo = (m — l)p^ + 1 > m and p f m, it follows that TZ' = {j : 1 < j < 
jo and pf j} U {A:} from which we obtain the second equality of 02.201) . 

We let card7^' = r and let TZ' = {Ai,..., Ar}, where Ai < ... < tr- Clearly, we have tr = k and 
it follows by our dehnition of jo and TZ that A^-i = jo- We can verify by simple calculation 
that 

(nn,) ^^jk-[k/p\, ifpt(A:-l), 

^ ^ (1 — l/p)(A; — p^) + (1 + 1/p), if A; = mp^ + 1. 

In particular, if A: = p^ + 1, then r = 2. For the remainder of the paper, whenever we refer 
to TZ, TZ' and r, we mean 02.19p . O2.20p . and 02 .21|) . respectively. 

Lemma 5. TZ satisfies Condition* given in Ii2.13fl . 


Proof. If p f (A: — 1), then TZ = {1,2, ...,A:} and it satishes Condition*. This is easy to 
see, because suppose for some I E N, there exists j E TZ such that p f ({). Then we have 
f < I < j < k, and hence I E TZ. On the other hand, if A: = mp^ + 1, then we have 
TZ = (1, 2, ...,jo, k — 1, k}. Suppose we are given some I E N. It is clear that if / > A:, then 
there does not exist j eTZ such that p f (]), because (]) = 0. Thus, it suffices to show that 
for jo < I < {k — 1), ({) = 0 (mod p) for all j G TZ. Clearly, ()) = 0 (mod p) for j < jo- 
Lemma 0] gives us that = 0 (mod p) for j^ < I < (k — 1). Therefore, we only need to 

verify = 0 (mod p) for jo = {k—p’') < I < (k — l). Every I in this range can be written 
as I = {m — l)p^ + Cb_ip^“^ + ... + cip + Co, where 0 < c* < p. Since (A: — 1) = mp'', by 
Lemma [3] we have ^ ^ (mod p) if and only if Cj = 0 for 0 < A < 6 , or in other words 

I = [m — l)p^ = k — p^ — 1. Because Z = A: — p^ — 1 is not in the range of I we are considering, 
it follows that TZ satishes Condition*. □ 


3. Technical Lemmas 

We will be applying the following large sieve inequality in this section. Given a set 
T C Kqo, if for any distinct elements 71,72 G T we have ord (71 — 72 ) > h, then we say the 
points {7 : 7 G T} are spaced at least apart in T. 
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Theorem 3.1 (Theorem 2.4, [T]). Given A,Z E ZA, let T C Koo be a set whose elements 
are spaced at least q~^ apart in T. Let {cx)xe¥q[t] be a sequence of complex numbers. For 
a E Koo, define 

5(a) = E Cxe{xa). 

ord x<Z 

Then we have 

7Gr ordx<Z 


Recall Ix '■= G IFq[t] : orda; < X}. Let k > 3, 9 E trifc, 0 7^ c G Fg, a e T, and jo be as 
defined in Section |21 In this section, we find an npper bound for the following exponential 
sum, 

(3.1) ^>{6,0) = q ~^^ e{—chy^~^°6 — ah). 

y&Ix ordh<jo(A-l) 

The estimates obtained for '0(0,0;) is one of our main ingredients for computing the minor 
arc estimates in Section |H To achieve this goal, the precise value of jo with respect to k 
plays an important role. Hence, we consider the following two cases separately: p \ {k — 1) 
and k = mp^ + 1 with m, 6 G N, m > 1, and p\m. We do not consider the case k = p^ + 1 
here, because we apply a different method to bound the minor arcs in this case. 

First, we make several observations, which we use throughout this section. Let 9 = a/g+fi, 
where {a,g) = 1. Let x, y E Ix and x fi^y. Then, since || ■ || is Fg-linear, we have 

(3.2) ord (||ca;^“-^°0 + q;|| — \\cy^~^°9 + q;||) 

= ord II — y^~^°)9\\ 

= ord(||(a;^"^° -/■^°)a/^|| + ||(a;^"^° -y^~^°)l3\\). 

Since Fg[t] is a unique factorization domain, we have {x^~F — y^~L)a 7^ 0 as long as a 7^ 0. 
Note that it is possible to get a = 0, when ord 5; = 0. 

Suppose — y^~F)a/g E Fg[t]. Then, we have ||(a;^“-^'’ — y^~^°)a/g\\ = 0 and 

(3.3) ord (||ca:*^“-^°0 + all — \\cy^~^°9 + a\\) = ord || (x^“-^° 

On the other hand, if {x’‘~F — y^~L'^a/g ^ Fg[f], write 

— {x^~^° — y^~^°) = So + cb-jt~^ + + ... 

g 

with So G Fg[f], Qi G Fg for i < —j < —1 and a_g 7^ 0. Here we know such a_g 7^ 0 exists, 
because {x^~F — y^~L)a/g ^ Fg[f]. Then it follows that 

a{x^~^^ - y^~^°) - gso = g{a-jr^ + + ... ). 

Since the left hand side is a polynomial, we have —j + ordg > 0. Consequently, we obtain 

(3.4) ord||(x^“-’° — y’‘~^°)a/g\\ > —oidg. 
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3.1. Case p\ {k — 1). Here we have jo = k — 1, or equivalently k — jo = 1. In this situation, 
we obtain an upper bound for a) in a way analogous to the case for integers in [10]. We 
have the following lemma. 

Lemma 6. Suppose k > 3, p \ k, and p\ {k — 1). Let 0 G mfc and a G T. Then we have 

^P{0,a) < 

Proof. Let 9 = a/g + f3 G VJlk{g,ci) ^ Rifc- Let x, y & Ix and x ^ y. Then, we know 
{x^~L — y^~P)a/g ^ Fg[t], because k — jo = 1 and ord^f > X. Consequently, we have (I3.4p . 
Recall Rk = {k — 1)X. For simplicity we let R = Rk- Since R > {k — jo){,X — 1) and 
ord/5 < {—R — ord^f), we have 

ord — y’^~^°){j < {k — jo){X — 1) — R — oidg < —oidg < 0. 

Thus, we obtain from (12.11) and (13.2p 

(3.5) ord + a|| — + a||) = ord \\{x'‘~^° — y'‘~^°)a/g\\ 

> —ord g 

> -R. 

Suppose there exists y E Ix such that ord \\cy^~^°9+a\\ < (—jo(W — 1 ) — 1 ), or equivalently, 

(3.6) ord \\cy9 + a|| < —{k — 1)(X — 1) — 1. 

This means the first {{k — 1)(X — 1) + 1) coefficients of \\cy9 + a|| are 0. Hence, it takes the 
form 

\\cy9+a\\ = 0 C^+0 +0 +a_Rt~^+... . 

Note that there are only possibilities for the {k — 2)-tuple (a_(fc-i)(x-i)-2, ••• , o .- r ). 
Thus, if there are more than such polynomials y E Ix satisfying fl3.6l) . then by the 
pigeon hole principle there exists a pair x and y in Ix for which the first R coefficients of 
||cx 6 * + a|| and ||ci/ 6 * + a|| agree. However, this contradicts fl3.5p . Therefore, it follows by fl3.ll) 
and Lemma [2] that 

i/>( 6 ',a) < g-^+fc- 2 +(fc-i)(A-i)+i ^ q{k- 2 )x_ 

□ 


3.2. Case k = mp^ + 1 with m > 1. Here we have jo = k — p^ > p^ = k — jo- When 
p \ (/c — 1), we had that the difference between jo{X — 1) + 1 and Rk = {k — 1)X was 
small enough compared to X - in fact it was constant with respect to X - which was the 
reason our application of the pigeon hole principle was effective in Lemma [6l However, when 
k = mp’^ + 1 this is no longer the case as Rk — jo(W — 1) — 1 = (p^ — 1)X + {k — p^ — 1). 

It follows from the definition of the major arcs that 971^ ^ 97Ifc-jo+u hence C rrifc. 

Therefore, given 9 E rrifc, we have either 9 E or 0 G fDtfc-jo+i- We consider these 

two cases separately in Lemmas [7| and [HI The argument in Lemma [7| is similar to that of 
Lemma [ 6 l However, in Lemma [ 8 ] we use a different approach, which relies on the large sieve 
inequality given in Theorem 13.11 instead. 

Lemma 7. Let k = mp^ + 1 with m > 1 and 0 G rrifc. Suppose 9 E mfc_jp+i. Then we have 
where the implicit constant depends only on q and k. 
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Proof. Let 6 = a/g + /? G ‘^k-jo+Ad^^) — iTifc_jo+i, and we know R' > ord^f > X, where 
R' = Rk-jo+i = {k — jo)X. Given y G Ixi it takes the form 

(3.7) y = cx-it^ ^ + ... + c^x/p>>]'t^^^^ -^ + ... + cq. 

Let L = (X— [X/p^J). Order the L-tuples of elements of in any way, for example, we may 
take one bijection between ¥g and {l,...,g}, and use the lexicographic ordering on (Fg)^. 
We can then split Ix into subsets Ti,T 2 , ...,TqL, where 

T; = {p G Jx : given y in the form (pT]), the coefficients (cx-i ) • • •) ^\X/p^\ ) 

is exactly the /-th L-tuple}. 


Then, we have for some T' = Ti 

(3.8) ip{6,a) -C e{—chy^~^°6 — ah) 

y^T' ord h<jo{X—l) 


Given any distinct x,y E T', we have 

ord — y^~^°) = ord {x — p)^*” < X, 

and hence, {x^~^° — y’^~^°)a/g ^ ¥g[t]. Thus, by fl3.4p we have ord||(a;^“to _ y^~P)a/g\\ > 
—ordg. Since ord/5 < —R' — ordg and R' = {k — jo)X > X, we have ord — y^~^°)(3 < 
X — R' — oidg < —oidg < 0. Therefore, by fl2.ll) and fl3.2p . we obtain 

(3.9) ord [\\cx’‘~^°6 + a|| — \\cy^~^°6 + a||) > —ord g > —R'. 


Suppose there exists y E T' such that ord \\cy^~^°6 + a|| < —jo(-^ — 1) — 1. This means 
the hrst jo{X — 1) + 1 coefficients of \\cy^~^°6 + a|| must be 0, or in other words it takes the 
form 

\\cy^-Pe + all = 0 + 0 + ... + 0 ^ ^ ___ 

If there is another distinct x E T', which satishes the same condition, then the hrst jo(-^~l) + 
1 coefficients of ||ca:*'“'^“6*+a|| agree with that of \\cy’^~^°9+a\\. However, this contradicts 03.91) 
as R' = {k — jo)77 < jo{X — 1) + 1 for X sufficiently large. Hence, there is at most one such 
y. Therefore, it follows by 03.8|) and Lemma [2] that 

'0(6', a) < q-x+x-x/pb+jo{x-i)+i ^ ^(io-i/p‘')A_ 


□ 


Lemma 8. Let k = mp^ + 1 with m > 1 and 9 E mk- Suppose 9 G ‘tXRk-jQ+i- Then we have 

0(0, a) < gLo-V(V))Y^ 

where the implicit constant depends only on q. 


Proof. Let 9 = a/g + (3 E 91Tfc_jo+i(p, a) C ‘TLik-jg+i. Then, we have ordp < X and 

(3.10) - Rk-oidg < Old(3 < -Rk-j^+i - oidg, 

where Rk = {k — 1)X and Rk-j^+i = {k — jo)X. For simplicity, we denote R = Rk and 
R' = Rk-jg+i- We have the above lower bound, for otherwise it would mean 9 E VJtk- 

By the Gauchy-Schwartz inequality, we obtain 

(3.11) fj{9,a) <C 5-1/2^ 
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where 


y&ix 


e{—chy^ ^°9 — ah) 

ord h<jo{X—l) 


Let > 0 be sufficiently small, and in particular we make sure < 1. We consider two 
cases: ord^f > d'X and ord^f < S'X. 

Case 1: Suppose ordg > S'X. Given y G lx, it takes the form 
(3.12) y = cx-it^ ^ + ... + -^ + ... + cq. 

Let L = X — \5'X/p^\. Order the L-tuples of elements of in any way. We can then split 
Ix into subsets, Ti,T 2 , ...,TgL, where 

Ti = {y & Ix ■ given y in the form fl3.12l) . the coefficients (cx-i, ■■■, c^^s'x/p>>]) 

is exactly the l-th L-tuple}. 


Then we have for some T' = Ti 

(3.13) S e{-chy'^-^oe - ah) 

y£T' ord/i<jo(A—1) 


Recall k — jo = p^. Given any x,y G T', we have 

ord = ord {x — y)^'’ < S'X, 

and hence, {x’^~^° — y^~^°)a/g ^ Fg[f]. Thus, we have ord ||(a:^“-^° — y^~^°)a/g\\ > —ord^f 
by fl3.4l) . Since ord/3 < {—R' — ord^f) and R' = X > S'X, we have 

ord {x^~^° — y^~^°)/3 < S'X — R' — oidg < —oidg < 0. 

Therefore, by fl2.ip and fl3.2l) . we obtain 

(3.14) ord (^\\{cx^~^°6 + q;)|| — \\{cy^~^°6 + a)||) > —ord^f > —X. 


Since max{X, jo(-^ — 1) + 1} < we have by Theorem 13.11 


(3.15) 


^ I e{-chy’^-^°e - ah) 

ord/i<_7o(X—1) 


^ ^X-S'X/p^^2joX _ 


Case 2: Suppose ord^f < S'X. Let e > 0 be sufficiently small. We order the polynomials 
of degree less than L' = [(1 — e)X] in any way, and call them pi,P 2 , ■■■iVqL'■ We then split 
Ix into q^' subsets, Ti,T 2 , ...,T^l', where given any x & R, 1 < I < q^', the coefficients of x 
for powers less than L' agree with that of pi. Thus, we have for some T' = Ti 

(3.16) 5 < I e{-chy^-^°e - ah) ^ 

y£.T' ord/i<jo(X—1) 


Given any x, y E T' with x^~^° ^ y'^~^°{mod g), we have {x^~^° — y^~^°)a/g ^ Fq[f]. 
Thus, by fl3.4l) we have ord ||(a;^“-^° — y^~^°)alg\\ > —ord^f. Since ord/9 < —R! — ord^f and 
R' = {k — jo)W > {k — jo){X — 1), we have 

(3.17) ord(a;^“-^° — y^~^°)l3 < [k — io){X — 1) — R! — ord^f < —ord^f < 0. 

Therefore, by fl2.ip and fl3.2l) . we obtain 

(3.18) ord {\\{cx^~^°6 + a)|| — \\{cy^~^°6 + a)||) > —ord^f > —S'X. 
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On the other hand, snppose we have distinct x,y E T', where = y^~^°{mod g). Then 
we have — y^~^°)a/g G Fq[t] from which (13.dh follows. Also, because x,y E T' and 

k — Jq = we obtain 


ord {x’^ = ord {x — yY^ > p^L'. 


Therefore, it follows by fl3.3p . fl3.10p and fl3.17p . 


(3.19))rd (II(cx^ ■^°6' + a)|| — \\{cy^ •’°6' + a)||) 


= ord(x^ — y^ '^°)/d 

> p^L' — R — ord g 

> {k-j,){l-e)X-{k-l)X-5'X 
= -j,X + {l-{k-j^)e-5')X 

> -JoX. 


Since max{5'X, jo(-^ — 1) + 1} < joX, we have by Theorem 13.11 


(3.20) S < ^ I ^ e{-chy^-^°e - ah) 

yGT' ord/i<jo(X—1) 




Note that the only restrictions we had so far for 6' and e were: 0 < < 1, 0 < e, and 

(3.21) 0<l-(fc-jo)e-^'. 

We have by fl3.15p and fl3.20p 

S^qX-S'X/p^^2joX^qil-e)X^2joX_ 

In order to minimize the right hand side of the above inequality, we set e = 6'/p^- Then, 
since k — Jq = p^, fl3.2ip can be simplihed to 

26' < 1. 


By letting 6' = 1/2, we obtain by fl3dT]l 

Y{0,a) -C -C 


where 6 = l/(4p^). 


□ 


4. A BOUND ON THE MINOR ARCS 

We obtain estimates on the minor arcs in this section. In Section 14.11 we give bounds 
on the minor arcs when p \ {k — 1) and p = mk^ + 1 , m > 1 . The remaining case when 
k = p^ + 1 requires a different approach, and it is treated separately in Section 14.21 The 
reason we require a different approach is that when k = p^ + 1, the method in Section 14.11 
results in an exponential sum that is more complicated to estimate than '0 (q;, 6*). Thus we 
take a more basic approach in this case. 
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4.1. Cases p \ [k — 1) and p = mk^ + 1, m > 1. Let TZ' be as defined in (12.20^ . Recall 
from the paragraph after Lemma [5] that card??.' = r, and ti, are the elements of TV in 
increasing order. The main resnlts of this section are the following estimates on the minor 
arcs. 


Theorem 4.1. Suppose k > 3 and p \ k. Suppose further that either p \ {k — 1) or p = 
mk^ + 1, m > 1. Let n = where TZ' = {ti, ...,tr} and tj < tj+i. Let 


5o = 



ifp\{k - 1 ), 

if k = mp^ + 1, m > 1. 


Then we have 

f \g{a)\^" da < 

J m 

where the implicit constant depends only on q and k. 


Recall from above that ifpf {k — 1), then r = k— \_k/p\. On the other hand, if k = mp’^ + 1, 
then r = (1 — l/p){k — p^) + (1 + 1/p)- 


Corollary 4.2. Suppose k > 3, p \ k and s > (rk + r). Suppose further that either p \ (k — l) 
or p = mk^ + 1, m > 1. Let 6o be as in the statement of Theorem \4.1\ Then for each e> 0, 
we have 





where the implicit constant depends only on s,q,k,TZ', and e. 


Proof. This is an immediate conseqnence of applying Theorem 12.21 to Theorem 14.11 □ 


Before we begin with onr proof of Theorem 14.11 we set some notation. First we define the 
following exponential snms: 

(4.1) /(a) = I j , 

Vi=i / 

and 

(4.2) F(/3,«) = e ( 2 + teM . 

xGix Vi=i / 

We will also nse the notation /(ck, 9) to mean 

fi^OLy d) f(^a^.^^y •••) ^tr—iy ^)- 

We also define for 1 < j < fc, 

(4-3) a,j(x) = 

i=l 

Recall Js{LZ',X) is the nnmber of solntions of the system 

u{ + ... + ui = v{ + ... + v{ {j e LZ') 
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with Uj,Vj € Jx (1 < j < s). By the orthogonality relation fl2.2p . it follows that 
(4.4) Js{n',X) = y'|/(a)|2^rfa. 


Proof of Theorem \4.1\ We begin by expressing the mean value of g{a) in terms of mean 
value of F(/3, 9). Since F{(3, 9) = F{—(3, —9), we see that 


'r-2 


|F(/3, 0) = JJ I e ( ^ Pt, {xl^ - xl\i) + 9{x^ - xJ+J 

i=i \xi,xs+ieix \i=i 


'r-2 


^ I (^) + (x) 

ordx<X \i=l 


Then for h = G Fq[t]^ we have 


(4.5) 

where 

(4.6) 


|F(/3,0)|^^e 


df3d9= ^ 5(x,h) f e{9as,ki^)) d9, 

Kj=l ) ordx<A 


5(x,h) = Yl(<f 

j=l 


e(A,(t^s,t,(x) - ht )) dPt 


Thus, the orthogonality relation fl2.2p gives us 


(4.7) 


e(A,(t^.,n(x) - ht.)) d^ti = 


_ / 1, when cr^,i.(x) = ht 


0, when (x) 7 ^ ht 


When ordx < X, we have ord cXs^t. (x) < tj(X — 1) for 1 < j < r — 2, and so it follows 
from fl4.6p and 04.71) that 


(4.8) 

Since 


^ ... ^ (5(x,h) = l. 

ord /it <ti (X—1) ord ht^_^ <t ,._2 (X—1) 


\g{9)\‘^^= e(ha,,fc(x)), 


ordx<X 


we obtain by 04.5p and 04.81) . 


E ■■■ E / 

ord/itj<ii(X—1) ord/it^_ 2 <lr- 2 (X—1) ^ 


'r-2 


|F(/3,9)p*e( ) dgd£ 

i=i 
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It therefore follows by the triangle inequality, 

(4.9) [ \g{a)\‘^^ da < E - E / / \F{f3,e)\^^ d(3 de 

ord/itj^<tl(X—1) ord/it^_ 2 <tr— 2 (A—1) 

< qi'--k-tr-i)x j ^ \F{/ 3 ,e)\‘^^ d^ de. 


An argument similar to that employed in the last paragraph permits us to relate the mean 
value of F{(3, 9) to a sum of integrals involving /(a, 9) as follows 


(4.10) 


f i \F{J3,e)p-dl3 d0 = Y, // 


|/(q;,6 *)| e(— da. d9. 


OTdh<tr — l{X—l) 


The advantage of this maneuver is that we can rewrite the integral in the summand with 
similar expression involving an extra new variable y & Ix- We then take the average of these 
integrals over y E Ix to get a sharper upper bound for the left hand side of (I4.10p . which 
ultimately gives us the desired result. This task will be achieved during the course of the 
rest of the proof, but hrst we prove fl4.10p . For h G ^q[t], let 


(4.11) 


(5(x, h) 



-h)) dat^_^. 


1 , when as,tr-i{x.) = h, 
0 , when crs,t,_i(x) 7 ^ h. 


We have by the orthogonality relation (12.2p . 

(5(x, h) = 

Clearly, ordx < X implies ord(Ts^t^_j(x) < tj.-i{X — 1). Hence we have 

(4.12) 


Y i5(x,/i) = l. 

ord 1 {^—1) 


Since f{a, 9) = f{—a, —9), we get 




( r—1 

3 1 

( r-l 

+ 9(Js,k{x) 

j = l 





Thus, it follows by fl4.1ip that 

(4.13) 



\f{oL.0)\^^e{-at.._Ji) dado 


( r—2 

i=i 


/3t crs,t.(x) + djSde. 
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Therefore, we obtain by fl4.12p and fl4.13p . 

(4-14) E / 

ord h<tr—i{X—1) 


E 

ordx<A oidh<t ,— i(A—1) 

// E ^(E/^- 

ordx<X \j=l 


\f{a,9)\‘^''e[-at^_^h) da. d6 
5(x, h) f (£ e ] df^ d9 

tr-l{X-l) dm J 

’t^.cr^,i.(x) + ) dl3 d9 


|F(/3,0)|"* d(3 d9, 

which is exactly the equation 04.1 Op we aimed to prove. 

Given y E Ix, observe that Ix is invariant under translation by i/, or in other words 
Ix = {x : X E Fg[t], ordx < X} = {x + y : x E Fg[t], ordx < X}. 

Let 


r—1 


akZ^. 


X{z-, a) = + 

i=i 

By the above observation, shifting the variable of summation in f{a) by y gives us 
(4.15) f{a) =^e (A(x; a)) = ^ e {X{x - y, a)). 

x£lx x£lx 


Dehne A{9, h, y) as follows: 


A{9,h,y) = e{9as,k{y^- y)), 

when the 2s-tuple x satishes 

S 

(4.16) ^^((xi - yY^ - {xs+^ - yfd = 0 (1 < J < r - 2) 

i=l 

and 

S 

(4.17) y]((xi - yf^-^ - {Xs^i - yY^-Y = h. 

i=l 


Otherwise, we let A{9,h,y) = 0. Substituting the expression 04.151) for f{a,9), we hnd by 
the orthogonality relation 02 .21) . 


(4.18) (j) \f{a,9)Y"e{-at^_,h) da = A{9,h,y). 

ordx<X 

We now simplify the function A{9, h, y) and obtain another expression for the left hand side 
of 04.18p . First, we prove that the 2s-tuple x satishes 04.161) and 04.17P if and only if x 
satishes 

S 

E(4 - W) = 0 (1 < j < r - 2) 

i=l 


(4.19) 
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and 

s 

(4.20) = h. 

i=l 


Suppose X satisfies (I4.16p and (14.171) . Since has characteristic p, we have {x — yY = 
xP—yP, Recall U-i = jo- Thus, we can prove by induction and the dehnition of TZ' that (I4.16p 
implies 

S 

(4.21) ^{{xi - yY - {xs+i - yY) = 0 (l<j<tr-i)- 

i=l 

Note we can verify that > 1 for the cases we consider here. By applying the binomial 
theorem, we obtain that whenever a 2s-tuple x satishes fl4.17p and the system fl4.2ip . then 
X satishes 

(4.22) - xPO = 0 (1 < i < f,_i) 

i=l 

and fl4.20p . Clearly the system fl4.22p implies fl4.19p . For the converse direction, since fl4.19p 
implies fl4.22p . we can obtain the desired result in a similar manner as in the forward direction. 

Suppose X satishes fl4.19p and (14.201) . and consequently fl4.22p . If p f (/c — 1), then = 
jo = k — 1 and we have 

S 

(4.23) as,k{^ -y) = X]((a(i - vf - (a^s+i - vf) = cLs,fc(x) - chy^~^^-\ 

i=l 


where c = ^ J ^0 (mod p). If fc = mp^ + 1, then we can deduce from C_i = jo = 

(m — l)p^ + 1 > m, which we note does not hold if m = 1, and fl4.22p that 


S 



i=l 



= 0 . 


Therefore, by the binomial theorem, the above equation, and the dehnition of jo given 
in (12.171) . we also obtain (14.231) when k is of the form k = mp^ + 1, m > 1. Thus, we can 
rewrite the dehnition of A(6', h,y) as 

A{e,h,y) = e{9(Ts,k{^) - chy^~^^-^9), 


whenever x satishes (14.191) and (14.201) : otherwise, A(6', h, y) is equal to 0. Thus, we have 


\f{(y.,9)Ye{-chy'" ^-^9 - at^_^h) da 


^ A(0,h,i/), 

ordx<X 


and consequently, it follows from (I4.18|) that 


\f{a,9)\^^e{-at^_^h) da 


\f{a,9)\‘^^e{-chy^ ^^-^9 - at^_^h) da. 
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From here, we have by fl4.inp . 

j jdl3 de 

(4.24) = f '' 


\f{a,6)\‘^^ ^ e{—chy’^ — at^_^h) dcx dd. 

ord h<tr—i(X—l) 


Since the left hand side of fl4.24p is independent of ?/, we can average the right hand side 
over y E Ix io obtain 


= q 


' m 


(4.25) = 


\F{f3,e)\^^ df3 de 

^ I ei-chy^-^'-^e - at,_^h) doL dO 

y^Ix ^ ord/i<tT._i(X—1) 


\f{oc,e)\^"^{e,at^_,) doL de. 


In the last equality displayed above, we invoked fld.ip . the dehnition of 'ip{9, a). We apply the 
appropriate lemma depending on k from Section |3l namely Lemmas [6l [7] and El to 'ijj{9,a) 
and obtain an upper bound for the right hand side of fl4.25p . We then use the resulting 
estimate and fl4.4p to bound fl4.9p . from which we obtain 


(4.26) 


\g{a)\^' da < J,(7^',X) = J,(7^',X), 


for suitable 5 > 0. 


□ 


4.2. Case k = + 1. Recall from above that if /c = + 1, then r = (1 — l/p){k — p^) + 

(1 + 1/p) = 2. We obtain the following minor arc bound when fc = p^ + 1. 

Theorem 4.3. Suppose k > 3 and k = p’^ + 1. Let n = 1 + k, TZ' = {1, k}, and 

1 


5n = 


16(p^ + 2)' 


Then we have 


J m 

where the implicit constant depends only on q and k. 

By applying Theorem 12.21 to Theorem 14.31 we also obtain the following corollary. 
Corollary 4.4. Suppose k > 3, k = p^ + 1, and s > {2k + 2). Let 

5n = 


16(p^ + 2)' 


Then for each e > 0, we have 

j |p(a)|^^+^ da < qi‘^s+i-k-So+e)x^ 

J m 

where the implicit constant depends only on s, q, k, and e. 
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We introduce some notation before we get into the proof of Theorem 14.31 Given j, j' G Z"*", 
we write j :<p j' if p f . By Lucas’ Theorem, this happens precisely when all the digits of j 
in base p are less than or equal to the corresponding digits of r. From this characterization, 
it is easy to see that the relation dehnes a partial order on Z"*". If j :<p j', then we 
necessarily have j < j'. Let /C C Z"*". We say an element fc G /C is maximal if it is maximal 
with respect to :<p, that is, for any j G /C, either j :<p k or j and k are not comparable. 
Following the notation of [3], we dehne the shadow of /C, iS(/C), to be 

iS(/C) = {j G Z"*" : j j' for some f G /C} . 

We also dehne 

/C* = {/cG/C:pffc and p^k ^ S{1C) for any t G Z’*'} . 


We invoke the following result from [3]. The theorem allows us to estimate certain co¬ 
efficients of a polynomial h{u) by an element in IK when the exponential sum of h{u) is 
sufficiently large. We use the result to bound exponential sums over the minor arcs. 


Theorem 4.5 (Theorem 12, [5]). Let /C C Z+ and h{u) = X]jgA:u{o}^ where 

7 ^ 0 (j ^ Suppose that k E IC* is maximal in 1C. Then there exist constants c,C>0, 
depending only on K, and q, such that the following holds: suppose that for some 0 < p < cX, 
we have 


e(h(a:)) 




xeix 


Then for any e > 0 and X sufficiently large in terms of K, e and q, there exist a,g E Fg[f] 
such that 


ord {gak — a) < —kX -|- eX + Cp and oidg < eX + Cp. 


Proof of Theorem \4.3[ We bound sup^^,^ |5'(^)| using Theorem 14.51 For g{9) with k = p'^ + 1, 
we have /C = {k}, and thus 

S{}C) = {k,p\l}, 

and 

1C* = {k}. 

Clearly, k is maximal in /C. We also have 

S{1C)' := {z G N : p f z and p^i E S{1C) for some u G N U {0}} 

= {^, 1 }- 


It is given at the end of the proof of |3l Theorem 12] that we may take c = l/(8(ro0 -|- ro)) 
and C = 2(ro(/> -1- ro), where ro = # S{1C)’ and (f = max^g^j-y^y z. Therefore, we can apply 
Theorem 14.51 with 


1 

8(2A; + 2) 


1 

16 (p'’ + 2) 


and C = 2{2k + 2). 


Take any 9 E xn. We set e = 1/2. Suppose for some X sufficiently large, with respect to fC 
and q, we have 

\g{9)\ > 

Then, by Theorem 14.51 there exist g,dE Fq[f] such that 

1 1 

ord {g9 — a) < —kX + eX + -X and ordp < eX + -X. 
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Let {g, a) = i, and denote g = igo and a = iao. We obtain from above inequalities, 
ord {9 — ao/go) = ord (6* — a/g) < —kX + eX + -X — ord^ < —{k — 1)X — ord^fQ 

and 

ord 5^0 < ord^ < eX + -X < X. 

By the definition of major arcs fl2.6l) . this implies that 9 G 971^, which is a contradiction. 
Therefore, we must have 


for all X sufficiently large with respect to K, and q. Since the result is independent of the 
choice of 0 G m, it follows that 


(4.27) 


sup \g{9)\ < i6(p*>+2)^_ 

eemfc 


When fc = + 1, we have r = 2; therefore, we have F{f3,9) = g{9). Thus, we obtain 

by fId.lOp and the triangle inequality that 


(4.28) 


f |9(«)P*+' M 

Jm 

< sup \g{9) \ ■ j |c/(0)|^* d9 
0em Jm 

= sup|p(0)|- E f |/(q!, 6*)p®e (—ah) da d9 


< 


sup \g{9) \ ■ q^ ■ 

dem 


\f{a,9)\^^ da d9 


sup \g{9) \ ■ q^ ■ J^(7^',X). 

6»em 


Consequently, substituting fl4.27p into the above inequality fl4.28p gives us 


□ 


5. Weyl Differencing 

Let wo{u) be a polynomial in Fg[f][M]. Let zi,...,Zh be indeterminates. We define the 
differencing operator by 

^zi{wo){u) = wo{u + z) -wo{u) G ¥g[t][u,zi], 

where we denote A2^(tao) = A^j(tco)(M). We also define recursively 

A^^...A^^(wo)(m) = + Zh) - G ¥g[t][u,Zi, ...,Zh], 

and we denote A^^...A2j( wq) = A^^...A^^{wo){u). 

While in characteristic zero the above differencing process, known as Weyl differencing, 
decreases the degree (in u) of the polynomial by one, the situation in positive characteristic 
is more subtle. With application of Hua’s lemma (Proposition 15.ip in mind, it will be useful 
to know how many times one can apply Weyl differencing to in Fg[f][n] before it becomes 
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identically zero. Note that given an indeterminate and a monomial u^, we have = 0 

if and only if £ = 0. To see this, snppose we have and 

0 = = {u + zf — . 

Then, in particular it must be that (g) = 1 = 0 (mod p), which is a contradiction. Therefore, 
we have £ = 0. The converse direction is trivial. The following lemma is a slight modihcation 
of [5l Lemma 8.1] and we omit the proof here. 

Lemma 9. Let k = c„p’'+...+Co with 0 < Ci < p {0 < i < v), and let ho = ho{k) = c^ + .-.+Cq. 
Let zi,ZhQ+i be indeterminates. Then, we have 

0 ^ e ¥q[t][u,Zi,...,Zh^] 

and 

0 A^^^_|_j^...A^j'u G ¥q[t\ \u, Zi, 

Combining Lemma[9]and [TJ Proposition 13], we have the following version of Hua’s lemma. 

Proposition 5.1. Let woiu) he a polynomial in Fq[t][M] of degree k in u, and let w{a) = 
J2x&ix ^{wo{x)a). Let ho{k) he as defined in the statement of Lemma\^ Suppose j < ho{k). 
Then for every e> t), we have 

^ \ w(a)da ^ g( 2 ^-i+dY^ 

where the implicit constant depends only on k,q, and e. 

We apply Proposition 15.11 in Sections [6] and [7] with wo{u) = u^. 


6. Asymptotic Formula and Gq { k ) 


We now lower the bound on s in Corollary 14.21 via combination of Proposition 15.11 and 
Holder’s inequality, and obtain Theorems 11.31 and 11.41 First, we consider the case when 
p\ {k — 1) in Proposition 16. II We then take care of the case k = mp^ + 1 in Proposition 16.21 


Let 


^oU) — 2 ^^ + 1 


2kj - 2^ 
k+l-j 


If k < p, we set 

(6.1) sfik) = min 4(i)- 

2J<fc(2fc+l) 

On the other hand, if A; > p and p f (fc — 1), we set 


6 r — 8 


( 6 . 2 ) 


Si (A;) = 2rk + 1 


k-2 
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Proposition 6.1. Suppose k > 3, p ^ k, andp\ (fc — 1). Let si{k) he as given in Ii6.1\) when 
k < p and in lid.2) when k > p. If s > si{k), then there exists (5i > 0 such that 

J m 

where the implicit constant depends only on s,q,k,Il', and 

Proof. Let /lo(^) be as in the statement of Lemma[9l We have by Proposition l5.ll if j < ho{k), 
then for any e > 0, 


(6.3) 


\g{a)\^ da <^q 


(2j-j+e)X 


We let So(j) = 2r{k + l)a' + 2-^6', where a' + h' = 1. Then Holder’s inequality gives us 

b' 

(6.4) 


|p(Q!)|^°bl da < [ da 


| 5 f(Q;)| da 


Recall for the range of k we are considering, we can take ho = 1 in Corollary 14.21 We 
consider j in the following range: 1 < j < k, 2^ < (2r — l)(fc + 1) + 1 and j < ho{k). Dehne 

2rj 2^ 


vU) = 


and let 
We choose 

and 


a = 


b' = 


k — j + 1 k — j + 1 

7(i) = 1 + h(i) - 

k-J , 7(j) 


+ 


k — j + 1 2r{k + 1) — 2i 
1 7(i) 


k — j + 1 2r{k + 1) — 2t 

Note that our restriction on j ensures b' > 0. Also, this choice of a' and b' ensures a' — {k — 
j)b' > 0. Then, by Corollary 14.21 and (16.dh . we have the following bound for (16.4^ : 

f da « q^X^a'i 2 rik+l)-k-l)X^b'i 2 ^-j)X ^ ^PoO)-fc-(a'-(fc-,>')+6)A_ 

J m 

By the trivial bound \g{a)\ < q^, it follows that for any s > so(j) we have 

[ \g{a)\^ da < gC-*o(i))Y f |^(a)|-oO) ^ ^{s-k-ia'-ik-m+e)x _ 


We can simplify so(j) as 


SoU) = 2r{k + l) 


k-j 


+ 


7(j) 


+ 2 ^' 


7(j) 


k — j + 1 2r{k + 1) — 2t 


.k — j + l 2r{k + l) — 2i 
= 2rk - T]{j) + 7 (j) 

= 2rk + 1 — \g{j)]. 

To establish our result, all we have left is to choose j within the appropriate range given 
above such that So(j) is as small as possible. This value of So(j) will be our Si{k). We 
consider the two cases separately. 
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Case 1: k > p. From p \ k, p \ {k — 1), and k > p, we can verify that 3 < ho{k). Thns we 
know we can apply Weyl differencing at least three times. Therefore, we set si{k) = so(3). 
Since 

6r — 8 

(6.5) 0 < r/(3) = 
we obtain 

si{k) = 2rk + 1 — 

Case 2: k < p. In this case, we have ho{k) = k. 

( 6 . 6 ) si{k) = min 

l<j<k 

Since r = k— \_k/p\ = k, we have so(j) = and ( 2 r —l)(fc + l) + l = k{2k + l). Therefore, 
we see that Si{k) given above in fl 6 . 6 l) coincides with fl 6 . 1 l) . 

□ 


6 r — 8 
k-2 

We set 
so(j)- 


Now we consider the case k = mp^ + 1. If m = 1, we set Si{k) = 4/c + 5. If m > 1, then 
we set 


(6.7) 


Si{k) = 2rk + 2 r 


(m — 1)(1 — 1/p) 

2 


Proposition 6.2. Suppose k = mp^ + 1 with p\ m. Let si{k) &e + 5 when m = 1 and as 
in when m> 1. If s > Siik), then there exists > 0 such that 

J m 

where the implicit constant depends only on s,q,k,7l', and 5i. 


Proof. We first deal with the case m > 1. Let h^ik) be as in the statement of Lemma O 
If i < ho{k), then for any e > 0 we have fl6.3|) . We let So(j) = 2r{k + l)a' + 2-^6', where 
a' + 6 ' = 1, as before in Proposition 16.11 Then by Holder’s ineqnality, we have fl6.4l) . We 
consider j in the following range: 1 < j < k^ 2^ < (2r — l){k + 1) + 1 and j < ho{k). Let 
e{j) be a small positive nnmber. We choose 


k- 3 e(j) 

k — j + 5 2r{k + 1 ) — 2i 


and 


k — j + 6 2r{k + 1 ) — 2i ’ 

where we let 5 = = l/(4p^) from Corollary 14.21 

Note that we pick e{j) snfficiently small to make snre b' > 0. Also, the range of j we are 
considering and this choice of a' and h' ensnre 


((5 + fc-j)e(j) 
2r{k + 1 ) - 2 i 


5a' -{k- j)b' 
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By Corollary 14.21 and fl6.3p , we have the following bonnd for fl6.4p : 

[ da < q^X^a'i2rik+l)-k-5)X^b'i2i-j)X ^ ^(soij)-k-iSa'-ik-j)b')+e}X _ 

J m 

By the trivial bonnd |fi'(Q!)| < it follows that for any s > So(j) we have 


We can simplify So(j) as 


so(j) = 2r{k + 1) 


+ 


e(j) 


k-j 

k — j + 5 ' 2r{k + 1) — 2^ 


+ 2^ 


e(j) 


= 2rA: + 2(l-d)fc 


2r{j + (1 - 6){6-j)) 
k — j + 6 


+ 


k — j + 6 2r{k + 1) — 2-? 

2^5 

+ <J) 


k — j + 6 


= 2rk + 2(1 - 5)r - +-^' _ + e{j) 


= 2rk + 2r — 6 


k — j + 5 

.(A 


k — j + 5 

To establish onr result, all we have left is to choose j within the appropriate range given 
above such that so(j) is as small as possible. We would like to maximize the value 

2r{k + 1) - 2^ 
k — j + 6 

in order to minimize So(j). We then let the smallest integer greater than the So(j) found to 
be our si(fc). 

Since m > 1, we can verify that ho{k) > 3. Thus we know we can apply Weyl differencing 
at least three times. We have 

r = (1 — l/p){k — p^) + (1 + 1/p) = (m — l)(p^ — p^~^) + 2. 

Also, recall from above we have set d = do = l/(4p^). Let j = 3 and we obtain 

So(3) = 2rfc + 2r - + e(3) 


= 2rk + 2r — 
= 2rk + 2r — 

< 2rk + 2r — 

< 2rk + 2r — 


4(A; + 1) 


Ap\k - 3 + d) 

2(m — l)(p^ — + 1) 

4p^(fc — 3 + d) 

(m — 1)(1 — l/p){k + 1) 

2{k — 3 + d) p^(k — 3 + d) 

{m — 1)(1 — l/p){k + 1) 

2(A;-3 + d) 

(m — 1)(1 — 1/p) 


+ 


4p^(fc — 3 + d) 4p^(A; — 3 + d) 

k — 1 , . 

+ <3) 


+ <^(3) 


Therefore, we let Si{k) = 


2rk + 2r- 


= 2rk + 2r 


(m-l)(l-l/p) 

2 


> So(3). 


The case m = 1 is an immediate consequence of Corollary 14.41 When m = 1 , we have 
r = 2 and the saving in the exponent of do = i 6 (p^+ 2 ) Corollary 14.41 however, with 
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these values our approach above is not effective as in the case m > 1. Therefore, we let 
Si{k) = 4fc + 5 in this case. □ 


We are now in position to prove Theorems 11.31 and 11.41 By using the bounds on minor 
arcs from this section, we obtain an estimate for Gq{k). 


Proof of Theorems \1.3\ and \1.4\ The result is an immediate consequence of combining our 
major arc estimates. Theorem 12.11 and our minor arc estimates. Propositions 16.11 and 16.21 
from which we obtain Gq{k) < ma.x{si{k),2k + 1}. We then simplify si{k) from Proposi¬ 
tions 16.11 and 16.21 via fl2.2ip to obtain the estimates given in the statement of Theorem 11.31 
When k < p, we see that si{k) given in fl6.1l) is identical to that dehned for the integer case 
in [To]. Consequently, our estimates for Gq{k) when k < p are identical to the estimates of 
G{k) obtained in [10]. □ 


7. Slim Exceptional Sets 


We carry out a similar calculation here as in Section [6] and obtain Theorems 11.51 and 
11.61 Recall from Section [1] that Es^k{N,'ip) is defined to be the set of n E In C Jg[t] which 
satisfies fll.6p . As in [TU], we refer to a function 'iplz) as being sedately increasing when fj{z) 
is a function of positive variable z increasing monotonically to inhnity, and satisfying the 
condition that when 2 ; is large, one has 'ip{z) = 0(2;'^) for a positive number e sufficiently small 
in the ambient context. We also prove the following theorem on the estimate of \Eg^k{N,'if)\ 
when is a sedately increasing fnnction. In order to avoid clutter in the exposition, we 
present the case k = p^ + 1 separately from the rest of the cases. 


Theorem 7.1. Suppose k > 3 and p \ k. Suppose further that either p \ {k — 1) or k = 
mp^ + 1, m > 1. Let 60 be as in the statement of Theorem \4.1\ Iff^^z) is a sedately increasing 
function, then for s>rk + r we have 

where the implicit constant depends on s, q, k, e, IZ', and fj. 

Theorem 7.2. Suppose k > 3 and p\ k. Suppose further that k = p^ + 1. Let 

c 1 

° 16(p^ + 2) ■ 

If fj{z) is a sedately increasing function, then for s > 2k + 3 we have 
where the implicit constant depends on s, q, k, e, IZ', and fj. 


First, we consider the case when p \ [k — 1) in Proposition 17.31 We then take care of the 
case k = mp^ -|- 1 in Proposition 17.41 

Let 

«o(i) = k‘^ + 1- 

If k < p, we set 

(7.1) U 2 {k) = min 

l<j<.k 

2J<k{2k+l) 


kj - 2 ^-^ 
k+l-j 
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On the other hand, ii k > p and p f (/c — 1), we set 


(7.2) 


U 2 {k) = rk + 1 — 


3r — 4 
k-2 


Proposition 7.3. Suppose k >?>, p \ k, and p \ {k— 1). Let U 2 {k) be as given in (7.1) when 
when k > p. If s > U 2 {k), then there exists ^2 > 0 such that 


k < p and in 

f \g{a)\^" do < 

J m 

where the implicit constant depends only on s,q,k,Il', and 52- 

Proof. Since the proof is similar to that of Proposition 16.11 we only give the set up of the 
proof here. Let ho(/c) be as in the statement of LemmaO We let 2uo{j) = 2r{k + l)a' + 2^b', 
where a' + 6' = 1. By Holder’s inequality, we have 


(7.3) 


|(;(a)|^“»<7> da<l | 9 (a)|^’'<'=+‘> da 


\g{a)\ da 


Recall that for the range of k we are considering, we can take do = 1 in Corollary 14.21 We 
consider j in the following range: 1 < j < k, 2^ < (2r — l)(fc + 1) + 1 and j < hQ{k). Dehne 


vU) = 


rj 




-1 


and let 


We choose 


a = 


k — j + 1 k — j + 1 
7(i) = 1 + h(i) - [ 7 ( 4)1 • 

k-j , 7(4) 


+ 


and 


b' = 


k — j + 1 r{k + 1) — 2 l~^ 

1 7(4) 


k — j + 1 r{k + 1) — 24“i 


Note that our restriction on j ensures b' > 0. Also, this choice of a' and b' ensures a' 
{k — i)h' > 0. Then, by Corollary 14.21 and fl6.3p . we have the following bound for fl7.3p : 


/ da < ^a'{2r{k+l)-k-l)X ^h'{2i-j)X ^ ^(2uo{j)-k-(a'-(k-j)b')+e)X _ 

J m 

We then obtain the result by proceeding in a similar manner as in the proof of Proposition 
16.11 We leave verifying the remaining details of the proof as an exercise for the reader. □ 

Now we consider the case k = mp^ + 1. If m = 1, we set U 2 {k) = 2/c + 3. If m > 1, then 
we set 


(7.4) 


U 2 {k) = rk + r 


[m — 1)(1 — 1/p) 
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Proposition 7.4. Suppose k = mp^ + 1 with p\ m. Let U 2 {k) be 2k+ 3 when m = 1 and as 


in i7.4\) when m> 1. If s > U 2 {k), then there exists ^2 > 0 such that 

f \g{a)\^" do < 

J m 

where the implicit constant depends only on s,q,k,TZ', and 62 - 

Proof. Since the proof is similar to that of Proposition l6.2l we only give the set up of the proof 
here. For the case m = 1, by a similar reasoning as in Proposition 16.21 we let U 2 {k) = 2k+ 3, 
and the result is an immediate consequence of Corollary 14.41 We now deal with the case 
m > 1. Let ho(/c) be as in the statement of Lemma [9l If j < ho{k), then for any e > 0 we 
have (16.311 . We let 2uo{j) = 2r{k+ l)a' + 2^b', where a' + b' = 1, as before in Proposition 17.31 
Then by Holder’s inequality, we have (17.31) . We consider 7 in the following range: 1 < j < k, 
2 i < ( 2 r - l){k + 1 ) + 1 and j < ho{k). 

Let e(j) be a small positive number. We choose 


and 


a = 


y = 


+ 


e(j) 


k-j 

k — j + 6 ' r{k + 1 ) — 2i-^ 

^ e(j) 


k — j + 6 r{k + 1) — 2t-^ ’ 
where we let 6 = 6q = l/(4p^) from Corollary 14.21 

Note that we pick e{j) sufficiently small such that b' > 0. Also, the range of j we are 
considering and this choice of a' and b' ensure 

M - (k - jw ^ > 0. 

^ r{k + l)-2^-^ 

By Corollary 14.21 and (16.3p . we have the following bound for (17.3p : 

[ da -C q^^q^'iMk+i)-k-S)x^b'(v-j)x ^ ^(2uoij)-k-iSa'-{k-j)b')+e)x_ 

J m 

We then obtain the result by proceeding in a similar manner as in the proof of Proposition 
16.21 We leave verifying the remaining details of the proof as an exercise for the reader. □ 

For 'if{z) a function of positive variable z, recall we denote Es,k{N,'f’) to be the set of 
n e Jjv Id Jq[t] for which 


(7.5) 


Rs,k{n)-&s^k{n)Joo{n)q^^ 


.P^-l 


By Theorem 12.11 for s > 2A: + 1 and any polynomial n G Es^k{N, ‘4’) we have 

(7.6) [ g{aye{-na) da = &s,k{n)Joo{n)q^^~^^^ + O ^ 

Jm 

for sufficiently small e > 0. Hence, it follows by (12.9p that 

(7.7) Rs,ki^) = &s,kin)Jcx,in)q^''~^^^ + f g{aye{-na) da 

J m 
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By (17.5p . (17.7p and the triangle ineqnality, we see that there exists a constant Ci > 0 snch 
that given any n G Es,k{N,'ip), 


(7.8) 


g{aye{-na) da + 


-1 


Snppose y{z) < C 2 Z^ for some constant C 2 > 0. Then it follows that Ciq^^ ^ < 

for some constant Cz > 0. Now there exists Mq > 0 snch that Czq~^^ < 
1/2 for all P > Mq. Therefore, for P snfficiently large we have that given any n G Es,k{N, t/), 


(7.9) 


g{aye{—na) da > 

I 2 


Let E = \Es^k{N,'ijj)\. Dehne the complex nnmbers g{n), depending on s and k, for n G 
Es,k{.N by means of the eqnation 

g{aye{—na) da = g{n) / g{aye{—na) da. 

L J m 

Clearly, \g{n)\ = 1 for all n G Es^k{N,y)- Dehne the exponential snm K{a) by 

(7.10) K{a) = ^ g{n)e{na). 

n£Es^k(N,ip) 

Then, it follows from fl7.9p that for P snfficiently large 
1 

2' 


_g{« ^E < ^ g{n) / g{aye{—na) da 

~ J vn 

n&Es^kiN,^)) 


(7.11) 


g{ayK{—a) da. 


We apply Canchy-Schwartz ineqnality to the right hand side of fl7.1ip to obtain 


(7.12) i4r(-'=)'’V>(Y)-‘B < U |j(a)P‘ dc,\ ' ( 


\K{—a)\‘^ daj 


\ 1/2 


We note that we have established the above ineqnality (17.121) assnming s > 2k+ 1 here. The 
orthogonality relation fl2.2l) gives us 


(7.13) 


^\K{a)\^da= 1 = ^- 


With this set up, we are ready to prove Theorems 11.51 fT6l 17.11 and 17.21 

Proof of Theorems \1.5l \1.6[ \ 7.1\ and \ 1 . 4 Recall we dehned X = P +1. By Propositions 17.31 
and m for s > U 2 {k') we know there exists ^2 > 0 such that 

\ 1/2 


f [ IgiaM"^^ da] ^ q{s-k/2-5,/2)p_ 
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Therefore, we can further bound the right hand side of fl7.12p by the above inequality 
and (I7.13j) . and obtain for s > inax{u 2 (k), 2k + 1}, 

1 y^2 

\g{a)\^^ da^ < ^{s-k/2-&^/2)p^ 

which simplihes to 

(7.14) E < 

Fix e > 0 sufficiently small and let be such that ^ Then we have by fl7.14l) 

that 

E < < qOrAn-{&2-e)P ^ ^N-{52-e)^ ^ 

Therefore, we obtain G~^{k) < Yiiax{u2{k),2k + 1}. We then simplify U 2 {k) via (I2.2ip to 
obtain the estimates given in the statement of Theorem 11.51 When k < p, we see that U 2 {k) 
given in fl7.ip is identical to ui{k) dehned in [10]. Consequently, our estimates for Gg{k) 

when k < p are identical to the estimates of G~^{k) obtained in [TU]. We have now completed 
the proof of Theorems 11.51 and 11.61 

Finally, to prove Theorems 17.11 and 17.21 we substitute fl7.13p into fl7.12p . apply Corollary 
14.21 or Corollary 14.41 (depending on k and p), and obtain for P sufficiently large 




{s-k/2-5o/2+€/2)P 


Rearranging the above inequality yields 




as desired. 


□ 
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